ABSTRACT. The space DH n of S n diagonal harmonics is the collection of polynomials P(x; y) = P(x 1 ; . . .; x n ; y 1 ; . . .; y n ) which satisfy the di erential equations 
Haiman have revealed that DH n has a number of remarkable combinatorial properties. In particular DH n is an S n module whose conjectured representation, graded by degree in y, is a sign twisted version of the action of S n on the parking function module. This 
Introduction
Let Q x; y] be the polynomial ring Q x 1 ; x 2 ; . . .; x n ; y 1 ; y 2 ; . . .; y n ] over the rationals. The diagonal action of the symmetric group S n on Q x; y] is de ned by setting, for = ( 1 ; 2 ; . . .; n ) 2 S n and for P = P(x 1 ; x 2 ; . . .; x n ; y 1 ; y 2 ; . . .; y n ), P = P(x 1 ; x 2 ; . . .; x n ; y 1 ; y 2 ; . . .; y n ) :
1:1 A polynomial P 2 Q x; y] is an S n diagonal invariant if P = P for all 2 S n : Let I n be the ideal in Q x; y] generated by the S n diagonal invariants, homogeneous of positive degree. Due to a theorem of Weyl 13] , a convenient set of generators for I n is given by the polarized power sum symmetric functions P n i=1 x r i y s i (for r; s 0; with 1 r + s n).
We de ne a bilinear form h ; i on Q x; y] by setting hP ; Qi = P(@ x1 ; @ x2 ; . . .; @ xn ; @ y1 ; @ y2 ; . . .; @ yn ) Q(x 1 ; x 2 ; . . .; x n ; y 1 ; y 2 ; . . .; y n ) j x=y=0 1:2 for monomials P; Q and extending by linearity; @ xi ; @ yi denote the di erential operators @=@x i ; @=@y i . This scalar product, known as the apolar form 3], is S n invariant, nondegenerate, and symmetric. It is easily shown that hx i P ; Qi = hP ; @ xi Qi and hy i P ; Qi = hP ; @ yi Qi : 
x k i @ yi Q ; P = 0 ; 1:5 the last equality due to the S n invariance of ( P n i=1 x k i @ yi )Q. Since hQ; E k Pi = 0 for all nontrivial homogeneous diagonal invariants Q, E k P must lie in the orthogonal complement of I n in Q x; y], hence it must lie in DH n .
Let (x) denote the Vandermonde determinant Q 1 i<j n (x j ?x i ): It is easy to check that (x) is a diagonal harmonic. Now it is well known that Y 0 is the linear span of the derivatives of (x).
In Section 2 we shall review some basic properties of Y The author is grateful to Mark Haiman, Adriano Garsia and Nolan Wallach for fruitful discussions, and assistance with some of the proofs presented herein.
Two subspaces of the S n harmonics
Let a = (a 1 ; a 2 ; . . .; a n ) be a point of Q n with distinct coordinates, and let a] denote the orbit of a under the ordinary permutation action of S n . Let J a] be the ideal in Q x 1 ; x 2 ; . . .; This is a particular case of a general result concerning groups generated by re ections 11]. In our case this is easy to show. Note that if P is a nontrivial homogeneous symmetric polynomial then P(x) ? P(a) vanishes throughout a], so P itself must belong to the ideal gr each have dimension n!=2, it su ces to show that these two subspaces are linearly independent. To achieve this end we shall need one more de nition.
Recall the operator ip, de ned in 2.14, which is an automorphism of Y 0 as a vector space.
This given, we de ne the inverse map pre ip. Since the kernel of ip is the ideal generated by the S n invariants + g (2) + + g would contain a monomial divisible by y i x n?1?k i for some i. Since such a monomial cannot be cancelled by any of the later summands g (k+1)
; . . .; g (n?1) (by Lemma 3.2 again), the whole sum in 3.9 could not vanish. Thus g (k) must vanish as well and by induction all the summands must separately vanish.
Q.E.D as an S n module we need only establish the following dimension inequality. The proof is due N. Wallach 12] , who stated it in a slightly di erent form. Before we can proceed with the proof we need to make some de nitions and derive two auxiliary results. To begin we let This establishes 3.14.
Q.E.D.
Now recall the operators ip, de ned in 2.14, and pre ip, de ned in 2.22. The action of ip on W 1 is de ned by setting, for
It is easy to show that ip is an automorphism of W 1 as a vector space. This given, we de ne the action of pre ip on W 1 . For polynomials P and Q in W 1 , we set pre ip(Q) = P if and only if ip (P) = Q :
3:18
It is clear that pre ip is also an automorphism of W 1 . Applying pre ip to our subspace of Y 1 constructed in 3.11, we observe the following inclusion. where (DH n ) i;j denotes the component of DH n homogeneous of degree i in variables x and degree j in y.
To introduce the conjecture we shall need some notation. Let be a partition of n depicted in the French convention, i.e. justi ed along the west and south. Given any cell s in , we denote by l; l 0 ; a; and a 0 the parameters leg, coleg, arm, and coarm of the given cell, which are respectively the number of cells strictly north, south, east, and west of s in . This given, we set the following statistics of our partition . 
Conjecture 4.2
The Frobenius image of the x; y-bigraded character of DH n is given by F char q;t DH n = X `nH (x; q; t) t n( ) q n( 0 ) (1 ? t) (1 ? q) (q; t) B (q; t) h (q; t)h 0 (q; t) : 4:15
To specialize this conjecture to Y 1 , we examine the component of the right hand side of 4.15 linear in t. The summand corresponding to a given must be a multiple of t n( ) , since the denominator termh (q; t)h 0 (q; t) cannot be a multiple of t. Hence it su ces to restrict our sum to partitions (n) and (n ? 1; 1). We obtaiñ H (n) (x; q; t) q ( n 2 ) 
